SUPPLEMENT 2B

3.7

omposite and nverse unctions

earning Objectives

yth n ofthiss tion, you will |l to:

ind ndev lu te composite functions
etermine whether function is one-to-one
ind the inverse of function

e Prepared!

efore you get st rted, t ke thisre diness quiz.

1. ff(x)=2x-3 ndg(x):x2+2x—3,findf(4).

2. olvefor x, 3x+2y=12.



Chapter 3 Functions

in n viut omposit un tions

efore we introduce the functions, we need to look t nother oper tion on functions ¢ lled composition. n composition,
the output of one function is the input of second function. or functions f nd g, the composition is written fog

nd is defined y (fog)(x) = flg(x)).
ere d flg(x)) s “f of g of x.”

Function g Function f

x 9 figk)
input output input output

odo composition, the output of the first function, g(x), ecomes the input of the second function, f, nd so we must
esureth titisp rtof thedom inoff.

omposition of unctions

he composition of functions f nd g is written f-g ndis defined vy

(fe8)x) = flg(x)
ere d flg(x)) s f of g ofx.

eh ve ctu lly used composition without using the not tion m ny times efore. henwe gr phed qu dr tic functions
using tr nsl tions, we were composing functions. or ex mple, if we first gr phed g(x) = X% s pr ol ndthen

shifted it down vertic lly four units, we were using the composition defined y (feg)(x) = f(g(x)) where f(x) = x —4.

glx)=x fx)=x-4

x x flglx) = x- 4

he next ex mple will demonstr teth t (fog)(x), (gof)(x) nd (f-g)(x) usu lly result in different outputs.

31

or functions f(x) =4x—35 nd g(x) =2x+3, find:® (fog)x), ® (gof)x), nd© (f-g)x).

olution
©)

se the definition of (fog)(x).  (feg)x) =fglx)
Substitute 2x + 3 for g(x). (fog)x) =fl2x + 3)
Find fi2x + 3) where f{x) = 4x - 5. (fog)x)=4(2x+3)-5

istri ute. (fog)x)=8x+12-5

implify. (fog)x)=8x+7

This OpenStax book is available for free at http cnx org content col



Chapter 3 Functions

se the definition of (fog)(x). (g °f)x) =g(fix)
Substitute 4x - 5 for fi{x). (g o f)x) = g(4x - 5)
Find g(4x - 5)where g(x)=2x+3. (gof)x)=2(4x-5)+3

istri ute. (gof)ix)=8x-10+3

implify. (gof)x)=8x-7

otice the difference in the resultinp rt ® nd p rt ®.

© oticeth t (f-g)(x) is differentth n (fog)(x). np rt@ we did the composition of the functions. ow inp rt(© we
re not composing them, we re multiplying them.

Use the definition o (f - g)(x). (f-g)x)=fx)-gkx)

Substitute f(x) = 4x — 5and g(x) = 2x + 3. (f-gx)=Ux-5)-2x+3)

Multiply. (f-g)x) = 8x*+2x—15

113 or functions f(x) =3x—2 nd g(x) =5x+1, find® (fog)x) ® (gof)x) © (f-g)x).

1132

or functions f(x) =4x—3, nd g(x) =6x—735, find® (fog)x), ® (gef)x), nd®© (f-g)(x).

n the next ex mple we willev lu te composition for specificv lue.

or functions f(x) = x*—4, nd g(®) =3x+2, find® (fo8l=3), ® (gof)(=1), nd© ([ N)2).

©  olution
@

se the definition of (fog)(=3).  (fe9)-3)=Ag(-3))

Find g(-3) where g(x) = 3x + 2. (fog)-3)=f(3+(-3)+2)
implify. (fog)-3)=f-7)

Find fi-7) where fix) = x* — 4. (fog)=3)=(-7y-4
implify. (fog)-3)=45
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se the definition of (ge f)(—1). NN =g(fi-1)

Find fi-1) where fix) = x* — 4. (G@of)=1)=g(1)-4)
implify. (9o N1 =g(=3)
Find g(-3) where g(x) = 3x + 2. (gof)-1)=3(-3)+2
implify. (gofi-1)=-7
©

se the definition of (fof)(2).  (fef)2)=ffi2))

Find f{2) where fix) = x* — 4. (fefl2)=fi2*-4)
implify. (fof)2) = fl0)

Find f{0) where fix) = x* - 4. (fefN2)=0-4
implify. (fofXe)=-4

1133

or functions f(x) =x>—9, nd g(x)=2x+5, find® (fo8)(=2), ® (gof)(=3), nd© (feof4).

134

or functions f(x) = x>+1, nd gx)=3x—=5, find® (fog)=1), ® (gof)2), nd® (fof)(—1).

t rmin h thr un tionis n -to- n

hen we first introduced functions, we s id functionis rel tionth t ssignstoe ch elementinits dom inex ctly one
elementinther nge. ore chorderedp irintherel tion,e chx-v lueis m tched with only one y-v lue.

e used the irthd y ex mple to help us underst nd the definition. very person h s  irthd y, ut noone h s two
irthd ys nditis ok y for two peopletosh re irthd y. incee ch personh sex ctlyone irthd y, th trel tionis
function.

Name Birthday
Alison -
Penelope | January 12
June February 3
Gregory\ April 25
Geoffrey > May 10
Lauren — May 23
Stephen July 24
Alice 7 August 2
Lzt=—s] September 15
Danny =

function is on -to-on if e chv lueinther ngeh sex ctly one elementin the dom in. or e chordered p irin the
function, e chy-v lueis m tched with only one x-v lue.

ur ex mple of the irthd y rel tion is not one-to-one function. wo people c nsh re thes me irthd y. her nge
v lue ugust2isthe irthd yof iz nd une, ndsooner ngev lueh stwodom inv lues. herefore, the function is
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Chapter 3 Functions

not one-to-one.
One to One unction

function is on -to-on if e chv lueinther nge corresponds to one element in the dom in. ore ch ordered p ir
in the function, e ch y-v lueis m tched with only one x-v lue. here re norepe ted y-v lues.

33

or e chset of ordered p irs, determine if it represents function nd, if so, if the function is one-to-one.
@ {(=3,27), (=2, 8), (=1, 1), (0, 0), (1, 1), (2, 8), (3, 27)} nd® {(0, 0), (1, 1), (4, 2), (9, 3), (16, 4)}.
©  olution

®
{(=3,27), (-2, 8), (-1, 1), (0, 0), (1, 1), (2, 8), (3, 27)}

ch x-v lueis m tched with only one y-v lue. othisrel tionis function.
ute chy-v lueis not p ired with only one x-v lue, (=3, 27) nd (3, 27), for ex mple. o this function is not one-to-
one.

®
{(0,0), (1, ), (4, 2), 9, 3), (16, )}

ch x-v lueis m tched with only one y-v lue. othisrel tionis function.
ince e chy-v lueis p ired with only one x-v lue, this function is one-to-one.

[98]
W

or e chsetof ordered p irs, determine if it represents function nd if so, is the function one-to-one.
® {(=3, —6), (=2, —=4), (=1, =2), (0, 0), (1, 2), (2, 4), (3, 6)}
® {(=4, 8), (=2, 4), (=1, 2), (0, 0), (1, 2), (2, 4), (4, 8)}

136

or e chset of ordered p irs, determine if it represents function nd if so, is the function one-to-one.
®@ {(27, -3), (8, =2), (1, =1), (0, 0), (1, 1), (8, 2), (27, 3)}
® {(7, =3), (=5, —4), (8, 0), (0, 0), (-6, 4), (-2, 2), (-1, 3)}

o help us determine whether rel tion is function, we use the vertic | line test. set of points in  rect ngul r
coordin te system is the gr ph of function if every vertic | line intersects the gr ph in t most one point. Iso, if ny
vertic | line intersects the gr phin more th n one point, the gr ph does not represent function.

he vertic | line is representing n x-v lue nd we check th t it intersects the gr ph in only one y-v lue. hen it is
function.

o check if function is one-to-one, we use simil r process. euse horizont |line ndcheckth te ch horizont Iline
intersects the gr ph in only one point. he horizont | line is representing y-v lue nd we check th t it intersects the
gr phinonly onex-v lue. fevery horizont |line intersects the gr phof functionin tmostone point,itis one-to-one
function. hisis the horizont Ilin t st.

orizontal ine Test
fevery horizont | line intersects the gr phof functionin tmostone point, itis one-to-one function.

e ¢ ntest whether gr phof rel tionis function y using the vertic |line test. e c n then tell if the function is
one-to-one y pplying the horizont | line test.

34
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etermine @ whether e ch gr phisthegr phof function nd,ifso, ® whether it is one-to-one.

©  olution
©)

o - - i

1
™

A
w

- - -+
w4
o

ince ny vertic |line intersects the gr phin t most one point, the gr phisthe gr phof function. ince ny horizont |
line intersects the gr phin tmostone point, the gr phisthe gr ph of one-to-one function.

®

-

ince ny vertic | line intersects the gr phin t most one point, the gr phis the gr ph of function.
shown on the gr ph intersects it in two points. his gr ph does not represent

el

he horizont | line
one-to-one function.
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Chapter 3 Functions

1:3.7

etermine @ whether e ch gr phisthegr phof function nd,ifso, ® whether it is one-to-one.

y y
A

B__

64

4__

2‘/
- t—F—+—F+—F+—+ —t—t—t—F+—t+—+—t= X ~— —t—t—+—+= X
-8 -6 -4 -2 2 4 6 8 -8 -6 4 6 8

. 4+
=61 —6+
-8+ 8+
1
(a) (b)

HHERY

etermine @ whether e ch gr phisthegr phof function nd,ifso, ® whether it is one-to-one.

—8—6—4—20__246;3 -8
21
4+
6T
_8__
|
(a) (b)
in th nvrs of un tion
et’'s look t one-to one function, f, represented y the ordered p irs {(0, 5), (1, 6), (2, 7), (3, 8)}. ore ch x

-v lue, f dds5to getthe y-v lue. o ‘undo’ the ddition of 5, we su tr ct5frome ch y-v lue ndget cktothe

origin | x-v lue. ec nc Ilthis “t king theinverse of f” ndn me the function f_l.



Chapter 3 Functions

0 5
1 6
{0, 5). (1, 6), (2,7). 3, 8)} 5 - {(5.0). (6, 1), (7. 2), (8 3)}
3 8
f—l

\ Subtract 5/
otice th tth tthe ordered p irs of f nd f_1 h ve their x-v lues nd y-v lues reversed. he dom in of f is the
r nge of f_1 nd the dom in of f_1 isther nge of f.

nverse of a unction efined by Ordered Pairs

f f(x) is one-to-one function whose ordered p irs re of the form (x, y), thenitsinverse function f_1 (x) is the

set of ordered p irs (y, x).

n the next ex mple we will find the inverse of function defined y ordered p irs.

3.5
ind the inverse of the function {(0, 3), (1, 5), (2, 7), (3, 9)}. etermine thedom in ndr nge of the inverse function.
©  olution
his function is one-to-one since every x-v lueis p ired with ex ctlyone y-v lue.

o find the inverse we reverse the x-v lues nd y-v luesinthe ordered p irs of the function.

Function {0, 3), (1, 5), 2, 7), (3, 9}
Inverse Function {(3,0), 5, 1), 7,2), 0, 3)}
Domain of Inverse Function {3,5,7, 9}
Range of Inverse Function {0, 1, 2, 3}

1139

ind the inverse of {(0, 4), (1, 7), (2, 10), (3, 13)}. etermine the dom in ndr nge of the inverse function.

0310

ind the inverse of {(—1, 4), (=2, 1), (=3, 0), (-4, 2)}. etermine the dom in nd r nge of the inverse
function.
ejust noted th tif f(x) is one-to-one function whose ordered p irs re of the form (x, y), then its inverse function
f_l(x) is the set of ordered p irs (y, x).

oif point (a, b) is on the gr ph of function f(x), then the ordered p ir (b, a) is on the gr ph of f_1 (x). ee
igur 10.2.
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Chapter 3 Functions

y
y=x
MICEIREA
3 +
Ld
2 ‘ot'
1
R
-4 -3-2-1, 12 3 4
=1
22
*
+% =3
L -4

igur 10.2

he dist nce etween nytwo p irs (a, b) nd (b, a) iscutinh If ytheline y=x. owes ythe points re mirror

im ges of e ch other through the line y = x.

ince every pointonthe gr phof function f(x) is mirrorim geof pointonthegr ph of f_l(x), wes ythegr phs
re mirror im ges of e ch other through theline y = x. e will use this concept to gr ph the inverse of function in the

next ex mple.

3.6

r ph, onthes me coordin te system, the inverse of the one-to one function shown.

olution

e c n use points on the gr ph to find points on the inverse gr ph. ome points on the gr ph re:
(_57 _3)’ (_3’ _1)’ (_1’ 0)’ (O’ 2)’ (3’ 4) .

o, the inverse function will cont in the points: (=3, =5), (-1, =3), (0, —1), (2, 0), (4, 3).

e

2(021
r101/ . Je.o
PP
/_3"”4_50"”
¢/ |

-5.-3)

al

-3.-9)

otice how the gr ph of the origin | function nd the gr ph of the inverse functions re mirror im ges through the line
y =X
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113011 r ph,onthes me coordin te system, the inverse of the one-to one function.
y
44
1 (4,3)
T/

113012 r ph, onthes me coordin te system, the inverse of the one-to one function.
y

-3, 4) %
N E)
AN
Ta. o~

1 t t +—+ 1 1 t t - X
0 "2 2

hen we eg n our discussion of n inverse function, we t lked out how the inverse function ‘undoes’ wh t the
origin | functiondidto v lueinitsdom ininordertoget ckto theorigin |x-v lue.

Function f Function f~'

x fea [y =x

input output input output

nverse unctions

@)
@)

x, for all x in the domain of f

x, for all x in the domain of f -1

e ¢ n use this property to verify th ttwo functions re inverses of e ch other.

37/

erifyth t f(x) =5x—1 nd g(x) = x-g 1 re inverse functions.

©  olution

he functions re inverses of e ch otherif g(f(x)) =x nd flg(x)) = x.
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Chapter 3 Functions

g(f) 2 x
u stitute 5x — 1 for f(x). g{5x—1);x
Find g(5x — 1) where g(x) = x;1_ (5x—;}+1;x
implify. 3% 2y
5
implify. x=xv
flgl0) £ x
u stitute x-g L for g(x). f(x—;1]ix
Find x—"5'1]whereﬂx}=5x—1. 5("'%9—1 2y
implify. x+1-12x
implify. x=xv

ince oth g(f(x))=x nd flg(x))=x retrue, the functions f(x)=5x—1 nd g(x) = x-g L e inverse functions.

h tis, they reinverses of e ch other.

11313 erify th tthe functions re inverse functions.

fx)=4x—3 nd g(x) = %.

11314 erify th t the functions re inverse functions.

f(x)=2x+6 nd g(x)=x56.

e h ve found inverses of function defined yordered p irs ndfrom gr ph. ewillnowlook thowtofind ninverse
using n Ige r icequ tion. he method uses the ide th tif f(x) is one-to-one function with ordered p irs (x, y),
then its inverse function f_1 (x) is the set of ordered p irs (y, x).

fwe reverse the x ndyin the function nd then solve for y, we get our inverse function.

HOW TO FIND THE INVERSE OF ONE TO ONE FUNCTION

ind the inverse of f(x) =4x+7.

©  olution
Replace f{x) with y. fX)=4x+7
y=4x+7
_ Replace x with y and x=4y+7
then y with x.
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Subtract 7 from each side. x-T7=4y

Divide by 4. X-7_y

Replace y with f-'(x). x-7
4

Show f-((x)) = x Ffon 2x

and f(f*(x)) = x Flax+7)2x

@x+7-72,
4

="

1=~

X

w BIE

=xv
FUFe) £x

o

x-7 ?
7=
( - )+ X

~

x-7+7;x

Xx=xv

1315

11316

&) OW TO
ab
tep 1.

tep 2.
tep 3.
tep 4.

tep 5.

ind the inverse of the function f(x) = 5x — 3.

ind the inverse of the function f(x) = 8x+ 5.

HOW TO FIND THE INVERSE OF ONE TO ONE FUNCTION

u stitute y for f(x).

nterch ngethev ri lesx ndy.
olve for y.

u stitute f_l(x) fory.

erify th tthe functions re inverses.

_W TO FIND THE INVERSE OF ONE TO ONE FUNCTION

5

ind the inverse of f(x) =12x—3.
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Chapter 3 Functions

©  olution
) = x=3
Substitute y for f(x). y = m
Interchange the variables x and y. x = 52y—3
Solve for y. )’ = (?/2))7—3)5
X = 2y -3
P +3 = 2y
x5;3 =y
Substitute £~ 1 (x) for y. o = x5;3
erify th tthe functions reinverses.
) = x ') 2«
s () £ 32 2
(25=3) +3 s
A 2(x +3)—3 Z x
2 2
2x—23>+3 Ly 5x5+3—3 L
Zol, e 2
x = xvV x = xv
P A7 ind the inverse of the function f(x) = Iﬁ

> $:3.18 | !
318 ind the inverse of the function f(x) = V6x —7.
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37 XR S S
r ti ks rf t

in n viut omposit un tions

n the following exercises ﬁnd@ flg x ® glf x and © f-9x
f(x)=4x+3 nd gx)=2x+5

f(x)=6x—5 nd glx)=4x+1
f(x)=3x nd gx) = 2x2 = 3x
f@)=2x—1 nd gx)=x>+2

n the following exercises find the values described
or functions f(x) = 2x24+3 nd gx)=5x-1,
find
@ (fogl-2)
® (g0 f)(=3)
© (fofN=D

t rmin h th r un tionis n -to- n

n the following exercises determine if the set of ordered pairs represents a function and if so is the function one to one
{(_39 9)9 (_2’ 4)’ (_1’ 1)9 (0’ 0) ’
(1, D, (2, 4), 3,9}

{(_3’ _5)7 (_2’ _3)7 (_1’ _l)r
0, D, (1, 3), 2,5, 3, D}
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Chapter 3 Functions

n the following exercises determine whether each graph is the graph of a function and if so is it one to one

@

y
[

5
a4
14

24

43211234
24

n the following exercises find the inverse of each function etermine the domain and range of the inverse function
{2, 1), (4, 2), 6, 3), 8 4}

{0, -2), (1, 3), 2, 7), (3, 12)}

{(_2, _3)’ (_1’ _1)’ (0’ 1)’ (19 3)}
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n the following exercises graph on the same coordinate system the inverse of the one to one function shown

(3,4)
(-1,2)

2 | 4

-2
4-3) 4

y
4

(-4, 4) %(0. 3)
3,2)
2 -

n the following exercises determine whether or not the given functions are inverses
fx)=x+8 nd glx)=x-38

fO)=Tx nd g0 =%

fx)=7x+3 nd g(x):x;?’

f@=Vx+2 nd gx)=x*-2

n the following exercises find the inverse of each function

f)=x-12 f(x)=x-}-2
fo0 =9 fW=Vx=2, x»2
fo=% 3

fx)=Vx-3
fx)y=6x-17

F(x) = Yox =3, x23
f(x)=-2x+5
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