SUPPLEMENT 3B

eneral Strategy for actoring Polynomials

earning Objectives
yth n ofthiss tion, you will | to:

ecognize nd use the ppropri te method tof ctor polynomi | completely

oghniz n s th pproprit tho to tor olynomi | ompl t ly

ou h ve now ecome cqu inted with Il the methods of f ctoring th t you will need in this course. he following
ch rt summ rizes |l the f ctoring methods we h ve covered, nd outlines str tegy you should use when f ctoring
polynomi Is.

eneral Strategy for actoring Polynomials

GCF

| |
Binomial Trinomial More than 3 terms
« Difference of Squares X +bx+c * grouping
@ —b=(a—b)(a+h) x )x )
* Sum of Squares cax*+bx+c
Sums of squares do not factor. o'a’ and 'c’ squares
» Sum of Cubes (a+ by =a+2ab + b
@+ b= (a+b)(a*—ab+ b?) (a—bf=a—2ab + b
* Difference of Cubes o ‘ac’ method

@ —b* = (a—b) (a* + ab + b))

OWTO USE GENER LSTR TEGY FORF CTORING POLYNOMI LS

ab
tep1. sthere gre testcommonf ctor?
ctor it out.
tep2. sthepolynomi |  inomi |, trinomi |, or rethere more th nthree terms?

fitis  inomi [:
o sit sum?
fsqu res? ums of squ res do notf ctor.
fcu es? sethesumofcu esp ttern.

o sit difference?
fsqu res? ctor sthe product of conjug tes.
fcu es? sethe difference of cu esp ttern.

fitis trinomi I:
o+ sitoftheform x> +bx+c? ndo

o sitofthe form ax®+ bx +c?

fa ndc resqu res, checkif it fits the trinomi |squ re p ttern.
sethetri | nderroror” c” method.

fith smoreth nthreeterms:
o sethe grouping method.

tep 3. heck.
sitf ctored completely?
o the f ctors multiply ck to the origin | polynomi I?

emem er, polynomi |is completely f ctored if, other th n monomi Is, its f ctors re prime!



Chapter Factoring

()

ctor completely: 7x3 = 21x% = 70x.
©  olution

7x3 = 21x2 = 70x
Is there a GCF? Yes, 7x.

Factor out the GCF. 7)c(x2 —3x- 10)

In the parentheses, is it a binomial, trinomial,

or are there more terms?

Trinomial with leading coefficient

“Undo” FOIL. Tx(x  Hx )
Tx(x+2)(x=95)

Is the expression factored completely? Yes.

Neither binomial can be factored.
Check your answer.

Multiply.
Tx(x 4+ 2)(x — 5)
Tx(x? = 5x +2x — 10)
Tx{x* = 3x - 10)
7x3 = 21x% = 70x /
o ctor completely: 8»\‘3 + 16_\'2 — 24y.

. ctor completely: 5y> — 15y% — 270y.

e c refulwhenyou re skedtof ctor inomi | sthere resever |options!

6.36

ctor completely: 24y2 —150.
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Chapter Factoring

olution
24y% — 150

Is there a GCF? Yes, 6.
Factor out the GCF. 6(4y2 — 25)
In the parentheses, is it a binomial, trinomial
or are there more than three terms? Binomial.
Isit a sum? No.
Is it a difference? Of squares or cubes? Yes, squares. 6((2)’)2 - (5)2)
Write as a product of conjugates. 62y — 5)2y +5)

Is the expression factored completely?

Neither binomial can be factored.

Check:
Multiply.
62y — 5)2y +5)
6(4y* - 25)
24y — 150 v

o ctor completely: 16x> — 36x.
ctor completely: 27y — 48.

he nextex mplec n ef ctored using sever | methods. ecognizing the trinomi |squ res p ttern will m ke your work
e sier.

6.37

ctor completely: 4a® = 12ab + 9b°.



olution

Is there a GCF? No.
Is it a binomial, trinomial, or are there more terms?

Chapter Factoring

4a* — 12ab + 9b>

Trinomial with a # 1. But the fir t term is a perfect square.

Is the last term a perfect square? Yes.

Does it fit he pattern, a? —2ab + b*? Yes.

Write it as a square.
Is the expression factored completely? Yes.
The binomial cannot be factored.

Check your answer.

Multiply.

(2a — 3b)>

Qa)2 =2-2a-3b + (3b)>
4a% — 12ab + 9% v

a)? = 12ab + (3b)?

2a)% . —12ab 3b)?
(24) \"—2(22)(3-15/ (36)

(2a — 3b)*?

o ctor completely: 4x% + 20xy + 25)‘2.

o ctor completely: 9x% — 24xy + l()yz.

emem er, sums of squ res do notf ctor, utsumsofcu esdo!

6.38
ctor completely 12)c3y2 + 75xy2.

olution

Is there a GCF? Yes, 3xy2.

Factor out the GCF.

In the parentheses, is it a binomial, trinomial, or are
there more than three terms? Binomial.

Is it a sum? Of squares? Yes.

Is the expression factored completely? Yes.
Check:
Multiply.
3xy? (4x? +25)
12x3y2 + 75xy2 v

1253 y2 + 75xy2

3xy? (4x% + 25)

Sums of squares are prime.

o ctor completely: 5(),\’3y + 72xy.
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Chapter Factoring

v ctor completely: 27)«',\,‘3 + 48xy.

hen using the sum or difference of cu es p ttern, eing c reful with the signs.

6.39

ctor completely: 24x3 + 81y3.

©  olution
s there ? es, 3. 24x + 81y
ctor it out. 3(8x* + 27y)

nthe p rentheses,isit inomi I, trinomi |,
of rethere moreth nthreeterms? inomi |I.

sit sum or difference? um.

fsqu resorcu es? umofcu es. oo+ b )
g s ey
ite i i a+ b ad - ab + b
rite it using the sum of cu es p ttern. 3(2“_ 3y)((2x)2—2x- 3y+(3y)3)
s the expression f ctored completely? es. 3(2x + 3y)(4x" - 6xy + %?)

heck y multiplying.

s ctor completely: 250m> + 432n°.

s ctor completely: 2]73 + 54q3.

ctor completely: 3x5y — 48xy.



olution

Is there a GCF? Factor out 3xy

Is the binomial a sum or diffe ence? Of squares or cubes?
Write it as a diffe ence of squares.

Factor it as a product of conjugates
The fir t binomial is again a diffe ence of squares.

Factor it as a product of conjugates.

Is the expression factored completely? Yes.
Check your answer.
Multiply.
Bxy(x — 2)(x + 2)(x* + 4)
3xy(x2 - 4)(x2 + 4)
3xy(x4 - 16)
3x° y—48xy v/

3x° y —48xy
3xy(x4 - 16)

3xy((x2)2 - (4)2)
3xy(x2 - 4)(x2 + 4)
30y((0)* = (%)% +4)
Bxy(x — 2)(x + 2)(x* + 4)

Chapter Factoring

o ctor completely: 4a° b — 64ab.
i Ty .
ctor completely: 7xy~ — 7xy.

ctor completely: 4x? + 8bx — 4ax — 8ab.

olution
4x? + 8bx — 4ax — 8ab
Is there a GCF? Factor out the GCF, 4. 4(x* + 2bx — ax — 2ab)
There are four terms. Use grouping. Ax(x + 2b) — a(x + 2b)]

4(x + 2b)(x — a)

Is the expression factored completely? Yes.
Check your answer.

Multiply.
4(x + 2b)(x — a)
4(x2 —ax+2bx — 2ab)
4x? + 8bx — 4ax — 8ab v/
o ctor completely: 6x% — 12xc + 6bx — 12bc.
o ctor completely: 16x2 + 24xy — 4x — 6y.
king out the complete in the first step will Iw ys m ke your work e sier.
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Chapter Factoring

ctor completely: 40x2y + 44xy — 24y.

olution
40x2y + 44xy — 24y
Is there a GCF? Factor out the GCF, 4y. 4y(10x* + 11x - 6)
Factor the trinomial witha # 1. 4y(10x* + 11x - 6)

4y(5x —2)(2x + 3)
Is the expression factored completely? Yes.
Check your answer.

Multiply.
4y(5x —2)(2x+3)
4y(10x% + 11x - 6)
40x%y + 44xy — 24y /
o ctor completely: 4/)25/ — 16pg + 124.
.. )
r ctor completely: 6pg~ —9pg — 6p.

hen we h ve f ctored polynomi | with four terms, most often we sep r ted it into two groups of two terms.
emem erth twec n Isosep r teitinto trinomi | ndthen oneterm.

6.43

ctor completely: 9x% — 12xy + 4y? — 49.



olution

Is there a GCF? No.
With more than 3 terms, use grouping. Last 2 terms

have no GCF. Try grouping fir t 3 terms.
Factor the trinomial witha # 1. But the fir t term is a
perfect square.

Is the last term of the trinomial a perfect square? Yes.

Does the trinomial fit he pattern, a* —2ab + b7 Yes.

Write the trinomial as a square.

Is this binomial a sum or diffe ence? Of squares or
cubes? Write it as a diffe ence of squares.

Write it as a product of conjugates.

Is the expression factored completely? Yes.
Check your answer.
Multiply.

Bx—=2y—=7Bx—-2y+7)

9x% — 6xy — 21x — 6xy + 4y + 14y + 21x — 14y — 49

Ox? — 12xy + 4y> =49 v/

9x% — 12xy + 4y2 —49

9x% — 12xy + 4y2 —49

(3x)% = 12xy + (2y)* — 49
(Bo? —12xy+ 2y - 49

-2(3x)(2y)
(3x — 2y)* — 49
(Bx =2y =72

(Bx = 2y) = 7NBx = 2y)+7)
Bx—=2y—=7Bx—=2y+7)

Chapter Factoring

o ctor completely: 4x2 — 12xy + 9)"2 —25.

s ctor completely: 16x2 — 24xy + 9;\‘2 —64.
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Chapter Factoring

XR SS
r ti ks rf t
ogniz n s th pproprit tho to tor olynomi | ompl t ly

n the following exercises factor completely

2n% +13n -7
75m> + 12m

8m? — 32

49b2 — 112b + 64
Tb% +7b - 42

4x5y - 32x2y
S)CSy2 - 80)cy2
12ab — 6a + 10b — 5
4P v + 4u*v3

25x2 + 35xy + 49y?
36x2y + 15xy — 6y
64x> +125y°

9x2 — 6xy + y2 — 49

a’ +9a>
49b2 — 364
25w2 — 60w + 36
64x> + 16xy + y2
3x4y —8lxy
m* - 81
15pg — 15p+ 12 — 12
5¢% — 15¢ — 90
4c? +20cd + 81d>
3v* — 768
8x3 —27y3

6

yo+1

Gx+ 12 -6Bx—1)+9

(4x =352 —7(4x-5)+ 12



Chapter Factoring

Polynomial quations

earning Objectives

yth n ofthiss tion, you will
sethe ero roduct roperty
olve qu dr ticequ tions yf ctoring
olve equ tions with polynomi | functions
olve pplic tions modeled y polynomi |equ tions

| to:

e Prepared!

efore you get st rted, t ke thisre diness quiz.

1. olve:5y—-3=0.

2. ctor completely: n’ = 9n* — 22n.

3. ff(x)=8x—16,findf(3) ndsolvef(x)=0.

e h ve spent consider letimele rning how tof ctor polynomi Is. e will now look t polynomi |equ tions nd solve

them using f ctoring, if possi le.
polynomi | qu tionis nequ tionth tcont ins
is the degree of the polynomi |.

polynomi | expression. he gr ofth polynomi | qu tion

Polynomial quation

polynomi | qu tionis nequ tionth tcont ins polynomi | expression.

of th polynomi |I qu tion is the degree of the polynomi I.

he gr
olynomi | equ tions of degree one

e h ve Ire dy solved polynomi | equ tions of degree one.
re of the form ax+ b = c.

e re now going to solve polynomi | equ tions of degree two.
qu tion. isted elow resomeex mplesof qu dr ticequ tions:

x> +5x+6=0 3y +4y =10 64u> —81 =0 nn+1) =42
le squ red, utwhen we simplify the expression on the left we will get

re line r equ tions

polynomi lequ tion of degreetwoisc lled qu r ti

hel stequ tion doesn't ppe rtoh vethev ri

n?+n.
he gener | form of qu dr ticequ tionis ax>+bx+c= 0, with a#0. (f a=0, then 0-x2=0 ndwe releft

with no qu dr tic term.)

Quadratic quation

nequ tion of the form ax®>+bx+c=0isc lled qu dr ticequ tion.
a, b, and c are real numbers and a # 0

o solve qu dr tic equ tions we need methods different from the ones we used in solving line r equ tions. e will look
t one method here nd then sever | othersin | ter ch pter.
s th ro ro ut rop rty

ro ro ut rop rty. he ero roduct ropertys ysth tif

e will first solve some qu dr tic equ tions y using the
product equ | to

the product of two qu ntities is zero, then tle st one of the qu ntities is zero. he only w y to get

zero is to multiply y zero itself.



Zero Product Property

fa-b=0, theneither a=0 or b =0 or oth.

e will now use the ero roduct roperty, tosolve qu dr ticequ tion.

Chapter Factoring

_ HOW TO SOLVE QU DR TIC EQU TION USING THE ZERO PRODUCT PROPERTY
olve: (Sn—2)(6n—-1)=0.

©  olution

The product equals zero, so
at least one factor must
equal zero.

Solve each equation.

Substitute each solution
separately into the original
equation.

(5n-2)6n-1)=0
5n-2=0o0r6n-1=0

>

I
(S]] N]

=]

I
o=

n

2
5
(5n—2)6n-1)=0

i s

12 N2
2-2)(12_1) 20
e-2(2-)

72

« = =0

03
0=0v
¢

L
(5n—-2)6n-1)=0

I RE

(%—%){1—1};0

(Yot

0=0v

olve: Bm —2)2m+1)=0.

olve: 4p +3)4p—3)=0.

(&) OWTO USE THE ZERO PRODUCT PROPERTY
ab

tep1. ete chf ctorequ |to zero.

tep 2. olve the line requ tions.

tep 3.
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Chapter Factoring

olv u rti qutions y toring

he ero roduct roperty works very nicely to solve qu dr ticequ tions. he qu dr ticequ tion must ef ctored, with
zero isol ted on one side. owe e sure to st rt with the qu dr tic equ tion in st nd rd form, ax>+bx+c=0. hen
we f ctor the expression on the left.

_ HOWTOSOLVE QU DR TICEQU TION YF CTORING

olve: 2y2 =13y +45.

©  olution

Write the equation in 2y*=13y + 45

standard form.
2y7 - 13y -45=0

Factor 2y*— 13y + 45 2y +5)(y-9)=0
(2y +5)y - 9)

Set each factor equal to zero. 2y +5=0 y-9=0
We have two linear equations.

y: e y: 9
Substitute each solution y= -5
separately into the original 2
equation. 2= 13y + 45

5\: 2 ( 5)
21-=) =131-= 45
(3)2163)+

25\ ? { 65 90
A== == =
(4) ( 2)+ 2

25_25
2 2 v

y=9

2y? =13y + 45
2097 £ 13(9) + 45
2(81)2117 + 45
162 =162

e olve: 3c2 = 10c — 8.
: olve: 2d% — 5d = 3.

@- OWTO SOLVE QU DR TICEQU TION YF CTORING

a
tep 1. rite the qu dr ticequ tioninst nd rd form, ax?+ bx + ¢ = 0.
tep 2. ctor the qu dr tic expression.
tep 3. sethe ero roduct roperty.

tep4. olvetheline requ tions.
tep 5. heck. u stitute e ch solution sep r tely into the origin I equ tion.



Chapter Factoring

efore we f ctor, we must m ke sure the qu dr ticequ tionisinst nd rd form.

olving qu dr tic equ tions y f ctoring will m ke use of Il the f ctoring techniques you h ve le rned in this ch pter!
0 you recognize the speci | product p ttern in the next ex mple?

olve: 169¢° = 49.

olution
169x% = 49
Write the quadratic equation in standard form. 169x% =49 =0
Factor. It is a diffe ence of squares. (13x—=7(13x+7)=0
Use the Zero Pro.duct Property to set each factor to 0. Bx—7 = 0 1Bx+7 = 0
Solve each equation. 13y = 7 13y = —7
- L - L
T T3 YT T3

heck:
e le ve the check up to you.

o olve: 25,1)2 =49,
i olve: 36x2 = 121.

n the next ex mple, the left side of the equ tionisf ctored, utthe rightside is notzero. norder to use the ero roduct
roperty, one side of the equ tion must e zero. e’ll multiply the f ctors nd then write the equ tioninst nd rd form.

olve: Bx—8)(x—1)=3x.

olution

Bx—-8)(x—-1)=3x
Multiply the binomials. 3x2 —11x+8 = 3x
Write the quadratic equation in standard form. 3x2 - 14x+8=0
Factor the trinomial. Bx-2)(x—-4)=0
Use the Zero Product Property to set each factor to 0. 3x—2 = 0 x—4 = 0
Solve each equation. 3x = 2 x = 4
Check your answers. The check is left to you.

N olve: 2m+ 1)(m+ 3) = 12m.
i olve: (k+ 1)(k—1)=38.

n the next ex mple, when we f ctor the qu dr tic equ tion we will get three f ctors. owever the first f ctor is
const nt. eknowth tf ctorc nnotequ 0.

6.48
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Chapter Factoring

olve: 3x2 = 12x + 63.

olution
3x% = 12x + 63

Write the quadratic equation in standard form. 32— 12x—63=0
Factor the greatest common factor fir t. 3(x2 —4x - 21) =0
Factor the trinomial. 3x—=7Nx+3)=0
Use the Zero Product Property to set each factor to 0. 3+£0 x=7 =0 x+3 =0
Solve each equation. 3#0 x =7 x = =3
Check your answers. The check is left to you.

i olve: 18a2 — 30 = —33a.
g olve: 123h = —6 — 60b2.

he ero roduct roperty Iso pplies to the product of three or more f ctors. fthe productis zero, tle st one of the
f ctors must e zero. ec nsolve some equ tions of degree gre terth ntwo yusingthe ero roduct roperty, just
like we solved qu dr ticequ tions.

olve: 9m> + 100m = 60m>.

olution
9m> + 100m = 60m*

Bring all the terms to one side so that the other side is zero. 9m> — 60m> + 100m = 0
Factor the greatest common factor fir t. m(9m2 — 60m + 100) =0
Factor the trinomial. m(Bm —10)3m —10) =0
Use the Zero Product Property to set each factor to 0. m=0 3m-10 = 0 3m-10 = 0
Solve each equation. m=0 m = % m = 13—0
Check your answers. The check is left to you.

o olve: 8x3 = 24x? — 18x.
o olve: 16)‘2 = 32,\'3 + 2y.

olv qu tions with olynomi | un tions

s our study of polynomi | functions continues, it will often e import nt to know when the function will h ve cert in
v lue or wh t points lie on the gr ph of the function. ur work with the ero roduct roperty will e help us find these

nswers.

or the function f(x) = 24 2x— 2,

@ find xwhen f(x) =6

® find two points th tlie on the gr ph of the function.



Chapter Factoring

L

XR SS
r ti ks rf t
s th ro ro ut rop rty

n the following exercises solve
Ba—-10)2a-7)=0

2x(6x—=3)=0

olv u rti qutions y toring

n the following exercises solve

5a% — 26a =24
n?=5-6n

49m? = 144

64p? =225
(x+6)(x—3)=-8
O=3)+2)=4y
20x% — 60x = —45
14y? — 77y = =35
16p> =24p% +9p
3y> + 48y = 24y?

olv. qu tionswith olynomi | un tions

n the following exercises solve
or the function, f(x)= x> —8x+ 8, @ find

when f(x) = —4 ® se this inform tion to find two
points th tlie on the gr ph of the function.

6m(12m —5) = 0
By+52=0
4m? =17m - 15

12b% — 15b = —9b
16y% = 81

100y> =9

2x+ D)(x—-3)=—4x
(2y=3)By—1)=8y
15x%2 — 10x = 40
16y% +12 = —32x
2x3 4 72x = 24x2

293 +2y% = 12y

or the function, f(x) = 4+ 1x+ 20, @ find

when f(x) = =8 ® se this inform tion to find two
points th tlie on the gr ph of the function.
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